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ABSTRACT

Harmonicmodelsarea commonclassof sinusoidalmodels
whichareof greatinterestin speechandmusicalanalysis.In
thispaperwepresentamethodfor estimatingtheparameters
of an unknown numberof musicalnotes,eachwith an un-
known numberof harmonics.We posetheestimationtaskin
a Bayesianframework which allows for thespecificationof
(possiblysubjective)a priori knowledgeof themodelparam-
eters.We useindicatorvariablesto representimplicitly the
modelorderandemploy a Metropolis-Hastingsalgorithmto
produceapproximatemaximuma posteriori parameteresti-
mates. A novel choiceof transitionkernelsis presentedto
explore the parameterspace,exploiting the structureof the
posteriordistribution.

1 INTRODUCTION

Sinusoidalmodelsare popular in analysisof musical and
speechsignalsdue to considerationsof the physicalbasis
andperiodicnatureof voicedspeechandof many musical
instruments[5, 9, 11]. Thesignalis modelledasa seriesof
frames,with the parametersregardedconstantover the du-
rationof eachframe.We imposeharmonicconstraintsupon
themodel,suchthatall frequenciesareintegermultiplesof
a fundamental,we hopeto producea goodmodelfit whilst
reducingthenumberof parametersto estimate[4, 6]. Wede-
scribeeachsetof relatedharmonicsasanote. Eachnotehas
a fundamentalfrequency (or pitch) ωq with Hq harmonics,
andis generatedby aharmonicbasismatrixGq,

Gq
��� s� ωq �����	� s� Hqωq � c � ωq ���	��� c � Hqωq ��


s� ω � ��� sin� ωt1 � sin� ωt2 ���	��� sin� ωtN �
 T
c � ω � ��� cos� ωt1 � cos� ωt2 �����	� cos� ωtN ��
 T

anda vectorof amplitudesbq. A frameof thesignal,d (of
lengthN), is modelledasthesumof up to Q notes,eachof
which is representedasa generallinearmodel[2, 10], with
eachnoteturnedon or off by a binary indicatorvariableγq.
This approachmeansthat the modelorderselectiontaskis
implicit andis performedjointly with theparameterestima-
tion, as in reversiblejump methods(e.g., see[1]), but the�
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effective sizeof theparameterspaceis fixed(by thechoice
of the maximumnumberof notesQ) suchthat changesin
thenumberof notesandharmonicspresentdo not involve a
changeof dimensions.Theerror termis assumedGaussian,
e � N � 0 � σ2IN � , andthemodelbecomes

d � Q

∑
q � 1

γqGqbq � e.

Rewriting the set of parametersof eachnote as Φq
��

ωq � Hq � γq � bq � and the whole parameterset as Φ ��
Φ1 � Φ2 � �	��� � ΦQ � σ � , thelikelihoodis givenby

p � d � Φ � � � 2πσ2 ��� N
2 exp

����� ��� d � ∑Q
q � 1 γqGqbq

��� 2

2σ2

� �! �
2 BAYESIAN FORMULA TION

For thestructureof thea priori distributionsof eachnotewe
write

p � Φq � � p � ωq � Hq � γq � bq �� p � ωq � γq � Hq � p � γq � p � bq � Hq � p � Hq �"�
Theprior for theamplitudeparametersis chosentobecon-

stantfor valuesin the region � bq
� i 
 �$# B % 2 �'& i � 1 ���	� 2Hq � ,

and zero outsideit, in ordernot to influencethe inference
procedure.Thedensityin thisregionis pB � bq � Hq � � 1% B2Hq �

The choiceof the otherpriors is left general,but we can
usea Bernoulli distribution for γq anda uniform distribution
for Hq in the absenceof otherprior information. The fre-
quency prior p � ωq � γq � Hq � canbechosento favour theconti-
nuity of frequency tracksbetweenframesof data.A Jeffreys’
prior is usedfor the scaleparameter, p � σ � � Rσ % σ, chosen
for its uninformativenature[2] andeaseof marginalisation.

FromBayestheoremweobtaintheposteriordistribution

p � Φ � d � � p � d � Φ � p � Φ �
p � d �



wherep( � d � is treatedasa constantto give

p � Φ � d � ∝
Q

∏
q � 1

)
Pq

B � 2Hq * Rσ � 2πσ2 � � N
2

σ+ exp

����� ��� d � ∑Q
q � 1 γqGqbq

��� 2

2σ2

� �! (1)

Pq
� p � ωq � γq � Hq � p � γq � p � Hq �,�

This expressionis difficult to maximiseanalytically, and
soastochasticoptimisationtechniqueisemployed.Weapply
a local Metropolis-Hastingsalgorithm[3] to samplefor the
parametersof one note whilst keepingthe othersconstant
(see[4] for a deterministicapproach.)For this we sample
fromthefull conditionalposteriordistributionsfor eachnote.
Definingtheq-th noteresidualas

rq
� d � Q

∑
i - 1
i .- q

γiGibi �
theconditionalposteriorcanbewrittenas

p � Φq � σ � Φ �0/ q 1 � d � ∝
Pq

B � 2Hq

Rσ � 2πσ2 � � N
2

σ
(2)+ exp 2 � �� rq � γqGqbq

�� 2

2σ2 3 �
It is possibleto marginalisethe amplitudeparametersbq,
which is desirabledueto the high posteriorcorrelationbe-
tweenωq andbq; anotherbenefitis that the sizeof the pa-
rameterspaceto be optimisedis reducedsignificantly. We
canalsomarginaliseσ, in asimilarmannerto [10], to yield1

p � ωq � Hq � γq � Φ �4/ q 1 � d � ∝
Pq

B � Mq

Rσ55 GT
q Gq

55 γq
2

(3)+ Γ � εq �
πεq � �� rq

�� 2 � γq
�� fq

�� 2 
 εq

εq
� N � Mq

2
Mq

� 2γqHq

fq
� Gqb̂q b̂q

� Gq � GT
q Gq � � 1GT

q rq �
Here,b̂q is thefamiliar least-squaresexpressionfor thehar-
monicamplitudes,andfq is theprojectionof theresidualr q

onto the modelgiven by the parameters
�
b̂q � ωq � Hq � . The

dominantterm of (3) is the expressionin the denominator
which is an energy-fitting function — as the energy in the
projectionapproachesthatof the residual,the termtendsto
zero. Most of the other termsaremodel orderdependent,
andpenaliseoverfitting. The useof a conditionaldistribu-
tion basedon the residualr q ratherthana joint distribution
basedon thesignald hastheadvantagethatexecutiontime
scaleslinearlywith thenumberof notesQ ratherthanasQ3,
andtheGT

q Gq matricesarelessproneto ill-conditioning.2

1This is approximate,dueto thelimits of integrationonbq andσ.
2Sincethejoint G matrix would becomposedof thecatenationof each

3 CHOICE OF TRANSITION KERNELS

A novel choiceof transitionkernelsis presentedherefor the
generationof samplesof ωq � Hq and γq from their condi-
tionaldistributions.Thekernelsgeneratetrial parameterval-
uesfrom aproposaldensity, whicharethenaccepted(by the
M-H acceptancefunction)onthebasisof how they affectthe
conditionalposterior.

The form of (3) is a likely to be a complex multi-modal
distributionwith sharppeaks.In orderto ensurethatthepa-
rameterspaceis exploredefficiently, we combinea number
of transitionkernels.

Thefirst exploits thenatureof a harmonicseriesandpro-
posesa new value which is somemultiple of the current
value. The factor is chosenrandomly from a set of val-
uessuchthat the proposaldistribution is reversible;the set� 1

3 � 1
2 � 2

3 � 3
2 � 2 � 3 � workswell in practice.

The secondtransitionkernel for ωq is an independence
samplerwhoseproposaldistribution is independentof the
currentstate[12]. This approachhasbeenrecentlyusedfor
sinusoidalmodelswith a proposaldensitybasedon the pe-
riodogram[1], to coercetheωq samplesinto high probabil-
ity regions. We adopta similar technique,but insteaduse
a harmonictransform(HT) of the residualsin the proposal
density. We defineaP-th orderHT, 6 k 7 P � x � as

Xp
� k 
 � N f � 1

∑
n � 0

x � n 
 e � j2πpkn 8 N f6 k 7 P � x � � P

∑
p � 1

X 9p � k 
 Xp
� k 


andtheproposaldistributionas

q � ω � � c
K

∑
k � 1

δ � ω � k∆ω � 6 k 7 P � rq �
wherec � 1% ∑K

k � 1 6 k 7 P � x � , K �;: N f % P < and∆ω is the fre-
quency bin spacing,sinceit canbe shown, for ωq

� k∆ω,
that �� fq

�� 2 = 2
N

�� GTrq
�� 2= 2

N
6 k 7 Hq � rq �

whichhasits modesin thesamelocationsas(3). TheHT can
becalculatedefficiently from theFFTsinceX1

� k 
 is theDFT
of x andXp

� k 
 � X1
� pk 
��

The third transition kernel is a perturbationstep — a
random-walk samplerwith a small variance— which en-
suresthat the Markov chain is ergodic [7, 8]. The combi-
nationof all threekernelsensurethattheMarkov chainfinds
theprominentmodesin thedistribution, andotherharmon-
ically relatedmodes,whilst performingsmall stepsto find
localmaxima.

Gq, andif any harmonicof onenoteis closeto a harmonicof anothernote,
thenGTG would be ill-conditioned,producingnonsensicallylarge b̂ esti-
mates.



The transitionkernelsfor Hq can be much simpler than
thosefor ωq— goodresultswereobtainedfrom combining
anindependencesamplerwith auniformprobabilitydistribu-
tion anda random-walk sampler. Samplingfor γq is a matter
of usingthetrial valueγ 9q � 1 � γk

q sincetheM-H acceptance
functionthenconsiderstheposteriorfor bothstates.

It wasalso found that octave errors(i.e., frequency esti-
matesof half or doublethetruevalue)canbereducedby in-
cludinga M-H stepwhich proposesa joint movefor ωq and
Hq. This steptakesadvantageof thenon-uniquenessof the
harmonicrepresentation,e.g., if the fundamentalfrequency
is halvedandthenumberof harmonicsis doubled,thenthe
new parameterswill generatea similar or identical fq. If
a move is madewhich reducesHq andincreasesωq whilst
keepingfq almostconstant,thenthismayyield ahigherpos-
teriorprobabilitydueto thelowermodelorder.3

4 OBTAINING MAP ESTIMATES

TheBayesianinferencewe wish to performon thechainof
samplesis simply to find theMAP parameterestimates.The
outputof theMarkov chainisasequenceof (dependent)sam-
plesdrawn from the joint posterior. Thenumericalvalueof
thejoint posteriorfor any setof parametervaluesin thechain
canbecalculatedfrom the marginalisationof the linearpa-
rametersanderrorstandarddeviationfrom thefull joint pos-
terior (1),

p � � ω1 � H1 � γ1 � � �	�	� � � ωQ � HQ � γQ � � d � �>@?�?	?A>
p � Φ � d � db1 �	��� dbQ dσ �

For mostpracticalpurposes,MAP parameterestimatescan
beobtainedby histogrammingtheMarkov chainoutput,al-
thoughtheseareeffectivelymarginalratherthanjoint param-
eterestimates.

5 RESULTS

Weanalysedanextractconsistingof thesuperpositionof two
completelyindependentmonophonicmusicalphrases,one
vocalandtheothera playedby a saxophone.Both arerea-
sonablylegato (i.e., have a smoothpitch variation)andnei-
ther have sharpinitial transients.Figure1 shows the pitch
variationover time — the x axis shows the window num-
ber (window lengthof 1000sampleswith 50% overlap,at
a rateof 88.2 frames/sec)and the y axis shows the funda-
mentalfrequency in Hz. Thetop plot shows thepitch varia-
tion, obtainedby monophonicanalysis(Q � 1) of eachpart
separatelyusingouralgorithm,andthelower plot shows the
resultsof thealgorithmappliedto thesumof thesignals.

A simpleprior wasimposedon ωq, giving a higherprob-
ability to valuescloseto the meanof the frequency in the
previous4 frames,which improvedthecontinuityof thefre-
quency tracksandeliminateda few octave errors.Thealgo-
rithm performedwell in thisexample,evenover theclosely-

3This is particularlytrue if a numberof the harmonicsareof very low
amplitude.For exampleif all theoddharmonicsarelow, it suggeststhereis
anoctave errorandthefrequency shouldbedoubled.

spacedregion in frames200–250.The lossof detectionin
frames300–330is dueto thepresenceof anunvoicedsound
in thevocalpart.4

6 FUTURE WORK

Futurework will focus on the generalisationof the model
to better represent‘real-world’ data, e.g., AR modelling
of residuals,variablewaveform startandend-points,inhar-
monicity, and amplitudeand frequency variations. Higher
level modelling,particularlyjoint estimationover a number
of frames,will alsoberequiredto producebettercontinuity
of frequency tracks.

7 CONCLUSIONS

We havepresenteda methodof estimatingtheparametersof
the linearcombinationof an unknown numberof harmonic
signals.Theuseof indicatorvariablesimplicitly represents
themodelorder, andmaximuma posteriori estimationof the
modelparametersandindicatorvariablesis performedwith
aMetropolis-Hastingsalgorithm.

A novel choiceof transitionkernelsis proposedfor the
frequency andharmonicnumberparameters,whichcombine
differentproposaldistributionsto exploit thestructureof the
posteriordistribution of a harmonicsignal,andperformdif-
ferenttypesof parametermovesto explorethewholeparam-
eterspace.

Other envisagedapplicationsof this methodinclude in-
terpolation,coding,enhancementandrestorationof musical
material.
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