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ABSTRACT

We presenta novel approachto pitch estimationand note de-
tection in polyphonicaudio signals. We posethe problemin a
Bayesianprobabilisticframework, which allows usto incorporate
prior knowledgeaboutthenatureof musicaldatainto themodel.
Weexploit thehighcorrelationbetweenmodelparametersin adja-
centframesof databy explicitly modellingthefrequency variation
over time usinglatentvariables.Parametersareestimatedjointly
acrossa numberof adjacentframesto increasethe robustnessof
the estimationagainsttransientevents. Individual framesof data
aremodelledas the sumof harmonicsinusoids.Parameteresti-
mation is performedusingMarkov chainMonte Carlo (MCMC)
methods.

1. INTRODUCTION

Pitchestimationof polyphonicmusicalsignalshasreceived little
attentioncomparedto that of monophonicsignals. Most mono-
phonictechniquesarenot suitedto polyphonicdata,for instance
cepstralandpitch-synchronousmethods.Therehave beensome
verydiverseapproachesfor polyphonicsignals,however. Macleod
[1] interpolatesthe discreteFourier spectrumto obtainhigh res-
olution frequency estimates. Klapuri [2] detectsprime number
harmonicsto resolve harmonicallyrelatednotesin chords.Rossi
et al. [3] searchfor spectralpatternsfrom a database,exploiting
the inharmonicity in piano strings. Martin’s blackboardsystem
[4] successively abstractsSTFTfrequency tracksinto higherlevel
constructsof partials,notesandchords.

We presenta model-basedapproachto polyphonicpitch es-
timationwheretheestimationof the fundamentalfrequency1 and
otherparametersis performedalongwith modelorderdetection,
i.e., determinationof thenumberof concurrentlysoundingnotes,
andthenumberof harmonicsin each.We adopta harmonicsig-
nal model,which is a naturalchoicegiventhenatureof thesound
productionmechanismsof many musicalinstruments(e.g., source-
filter, resonantcavities, etc.). Our methodhastheadvantagethat
detaileda priori knowledgeof thecharacteristicsof individual in-
strumentis not required(unlike [2, 3]), andis applicableto awide
rangeof instruments.

1For the purposesof this paper, we definepitch as the fundamental
frequency of aharmonicsignal.

Most pitch estimationand sinusoidalanalysismethodscon-
sider dataon a frame-by-framebasis,and then infer frequency
tracksas a later step. Here we exploit the fact that in musical
signals,thefrequenciesof interestarethosewith a significantdu-
ration(i.e., longerthana singleframe),andmodelthis explicitly.
This hasthe chief advantagethat the incidenceof spuriousfre-
quency estimatesarisingfrom transienteventsis greatlyreduced.

2. HARMONIC MODEL

Datais segmentedinto frames��� of length� , chosento make the
frame durationaround20ms,during which time we assumethe
datais stationary. Themodelis constructedasthesumof anun-
known numberof concurrentlysoundingnotes, wheretheparam-
etersof note � in frame � are: fundamentalfrequency �
	� , number
of harmonics� 	� andharmonicamplitudes� 	� .

A maximumlimit of 
 notesis imposed,but eachnotecanbe
switchedinto or out of the modelvia a binary indicatorvariable� 	� , which is estimatedalongwith theotherparameters,hencethe
modelorderselectionis implicitly carriedout within the estima-
tion process.Eachnote is expressedasa GeneralLinear Model
(GLM) [5] in termsof aharmonicbasismatrix ��	� , theamplitudes� 	� , andanerrorterm ��� which is assumedGaussian,independent
andidenticallydistributedwith variance������ ,� ��� �� 	���� � 	� � 	� � 	�! � � (1)

� 	� �#"%$'& � 	�'(
)*)*) $'& � 	� � 	�+(-, & � 	�.(/)0)*)1, & � 	� � 	�.(32 (2)$'& � ( �#"�465879& �;: � ( 465<7�& �;: � (=)*)*) 465879& �;:*> (?2A@ (3), & � ( �#"�B*C.4'& �D: � ( B*C+4'& �;: � (1)*)E) B*C+4.& �;: > (02 @ ) (4)

Denoting the note parametersby F 	� �HG � 	�-I � 	�+I � 	��I � 	�?J , the
likelihoodfor frame� is givenbyK & � �AL<G FM	�?N � �PO )0)*) 
 J.I � ��Q� ( � O&6R%S � ��Q� (�T UWV*X-Y Z\[�] ��� ] �R � �� �
^ (5)

A least-squaresor maximum likelihood methodwould seekto
maximiseeq.(5), but hereweposethemodelin aBayesianframe-
work which enablesusto impartprior informationinto themodel
via a priori probabilitydensitiesontheparameters,andwhichalso
providesa basisfor probabilisticmodelselection.
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Figure1: Graphicalmodelshowing how the parametersof mul-
tiple frames can be tied togetherthrough the hyperparameters_'`bav;d

.

2.1. Graphical Model

Graphicalmodelsareausefultool for investigatingdifferentmodel
structures.They reflecttheindependencestructurebetweenmodel
parametersandprovideasimplemeansfor evaluatingthefull con-
ditional densities,which will be usedin the numericalmethods
adoptedfor theparameterestimation.Figure1 shows a graphical
modelrepresentingeq.(1) for a setof wyx framesof data(termed
a block). Thea priori densitiesof theparametersof eachnoteare
dependentuponthe hyperparameters

_'`bav;d
which representany

prior knowledgewe mayhave aboutthenoteparameters.Hyper-
parametersrepresenttheconstraintsupontheunderlyingvariation
of the note parametersover the courseof the block, and hence
theprior distributionsfor theparametersareconditionaluponthe
block hyperparameters,andprovide a goodlocalmodelfit.

2.2. Choice of priors

Figure2 shows the detail of thegraphicalmodelfor the parame-
tersof notez in frame{ . Theblockhyperparametersare

_+| a*} g h~=� d
which denoterespectively thepitch over theblock anda measure
of its spread,and � a which representswhetherthe noteis active
(switchedon)in thisblock. Thearrowspointingto thenoteparam-
eterssignify dependence,suchthat the prior for � af is dependent
on
| a

andg h~=� , for example.Theprior distributionsusedare:���Q� af0�;���-� �D����Q� ��� �Q� af?����� h6������� (6)����� af��#�=�;��� � �6� � ���Q� � � � h%�<� ���Q� (7)�1��  af¢¡ � a �;�¤£¦¥
§�¨�© } if   afª� � a¨ © } otherwise
(8)��� � af.¡ | a } g h~ � �;� LN � | a } g h~ � � (9)��� g hiQj �;��«­¬ � ¨s® }�¯ ® � (10)

Theprior for theharmonicamplitudes� af is auniformdistribution
over themaximumdimension° �P±;²Q³ , where �'´ ��µ � is the indica-
tor function (unity if µ·¶¹¸ } zero otherwise)and º �P� ° is the
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Figure2: Structureof aharmonicmodelshowing thedependencies
of theparametersof onenotefor a singleframeof data.

maximumallowablerangeof any elementof � af . The parameter� af hasa rangeof ¥D»*»E» �P±;²Q³ andactsasa selectorinto � af , such
thatonly thefirst � af in-phaseandquadrature(i.e., sineandcosine)
componentsareused.Theprior is chosento penalisehighermodel
ordersastheimprovementin modelfit achievedby increasing� af
mustoutweighthecostof increasingthemodeldimensions.The
prior for theswitchvariable  af hasa Bernoulli form andencour-
ages  af to follow the trendof � a . Theprior for the frequency is
a lognormaldensity(LN) which hasthe usefulpropertythat the
width of the distribution is proportionalto frequency for a giveng h~=� . The error varianceg hiQj is given a diffuse InverseGamma
(IG) prior.

Thehyperparametersarealsogivenprior distributions:

��� � a �;�½¼ ¨/¾�¿À }
if � a � ¥¥/§�¨ ¾ ¿À }
otherwise

(11)�1� | a �DÁ·£ � °%Â |Ãaprev � �Ä� } if ¡ | a § |Ãaprev ¡�Å Â |Ãaprev¯�}
otherwise

(12)

The latentswitchvariable� a is givena Bernoulli prior which re-
flectstheprior probabilitythatanoteshouldbeswitchedon,whereÆ Å ¨ À Å ¥ . Thelatentfrequency variable

| a
isgivenaprior which

hashigh probability within a small fraction Â of the frequency in
thepreviousblock

|Ãa
prev, anda very low probability

¯
outsidethat

range.Thisprior createsadependencebetweensuccessiveblocks,
to encouragecontinuousfrequency tracksandavalueof Â � Æ » Æ�Ç
is usedto make the width of ��� | a � plus or minusonesemitone.
Thevalueof thehyperparameterg h~=� shouldbespecifieda priori
as it provides a constrainton the deviation from

| a
of the fre-

quency of a singlenoteover theblock.

3. PARAMETER ESTIMATION

The joint posteriordistribution for all parametersis obtainedvia
Bayes’theoremas
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È�É�Ê'ËMÌÍ?Î+Ï Ê.ÐbÌÑ Î+Ï ÊÓÒ�ÔÕQÖ Î.× Ê0Ø Í Î'ÙDÚ È�É�Ê'ËMÌÍ0Î.Ï Ê.ÐbÌÑ Î+Ï ÊÓÒ�ÔÕQÖ Î'Ù (13)ÛÝÜßÞ�àÍ�á�â È�ÉQØ Í × Ê.Ë ÌÍ Î.Ï Ò ÔÕ Ö Ù�ã
Our aim is to produceoptimalparameterandhyperparameteres-
timatesby locatingthe regionsof highestprobability of eq.(13),
but asit is intractableto optimisethis expressionanalyticallywe
employ Markov chainMonteCarlo(MCMC) methodsto simulate
a Markov chainwith eq. (13) asits stationarydistribution [6]. A
streamof dependentsamplesfrom theposterioraregeneratedand
thefinal stateof theMarkov chainis usedfor theparameteresti-
mates.2

The successive statesof the Markov chainare generatedby
theMetropolis-Hastings(M-H) algorithm[6]. A transitionkernelä É6Ëªå Ï Ë/æ Ù generatesa proposalstate Ë/æ from the currentstateËªå which is thenacceptedwith probability çéè<ê É6ë Ï0ì É6Ëªå Ï Ë/æ Ù6Ù
where ì É�í Ï í Ù is theM-H acceptancefunction:ì É6Ë å Ï Ë æ Ù;î È�É6Ë æ × Ø ÙÈ�É6Ë å × Ø Ù ä É6Ë æ Ï Ë å Ùä É6Ë å Ï Ë æ Ù ã (14)ä É6Ëªå Ï Ë/æ Ù hereis alsousedto representthetransitionprobability
of proposingthemove from Ëªå to Ë/æ . If theproposalonly affects
the subsetïPð Ë Ï then ì É�í Ù simplifies to a function of the full
conditionalfor ï ,ì É ï å Ï ï æ Ù;î È1É ï æ × Ø Ï Ëªåñ�ò Ñ*ó ÙÈ�É ï å × Ø Ï Ë å ñÄò ÑEó Ù ä É ï æ Ï ï å Ùä É ï å Ï ï æ Ù ã (15)

where Ë ñÄò ÑEó denotesall parametersexceptthosein ï . Theben-
efit of samplingfrom thefull conditionalsis that thedistributions
aresimplerandcheaperto calculatethanthe joint posterior. The
simulationmethodconsistsof iteratively samplingfor eachnote,
andsogreatefficiency savingscanbemadeby defininga residualô ÌÍ andexpressingtheerrorasa GLM in termsof theresidualand
thenoteparameters:ô ÌÍ
î Ø;ÌÍ!õ½öÌ�÷�øá Ì'ù Ì ÷Íûú Ì ÷Íýü Ì ÷Í (16)þ ÌÍ/î ô ÌÍ�õ ù ÌÍ.ú ÌÍ*ü ÌÍ0ã (17)

3.1. Choice of transition kernels

In this algorithm we apply global and local transition kernels:
global kernelsproposea statespacemove for hyperparameters
and/ornoteparametersfor aparticularnoteÿ but acrossall frames� î ë ãEã*ã���� , whereaslocal kernelsproposea move only in a sin-
gle frame.Theestimationalgorithmis a two stageprocess,where
thefirst stageis a stochasticschemecomposedof globalmovesto
steertheMarkov chaininto high probabilityregions,andthefinal
stageis madeup of local movesto obtainmoreaccurateparame-
ter estimates.Givengoodstartingvalues(e.g., initialisedwith the
resultsof thepreviousblock), convergenceis rapid,andtypically
a totalof 50–100iterationsin total is adequate.

The selectionof transitionkernelsfor harmonicmodelshas
beenpreviously reportedin [7]. AndrieuandDoucet[8] alsode-
scribeanumberof suitablekernelsfor estimationof multiplesinu-
soids.Weemploy afew differenttypesof globaltransitionkernels

2Due to the very sharpmultimodal posteriordistribution, generally
movesareonly madeto stateswith ahigherposteriorprobability.

asdescribedin thefollowingsubsection.In eachinstance,theM-H
acceptancefunction is readilycalculatedfrom eq.(15). Thelocal
kernelsaresimply randomperturbationsaboutthe currentvalue
andaren’t describedherein furtherdetail.

3.1.1. Global kernels� Independence sampler. Themostimportantof thekernelsin this
algorithmis anindependencesamplingstepthatefficiently creates
parameterproposalsfrom a distribution which hasits modesin
similar locationsto theposterior. A joint move is proposedfor the
following parametersof note ÿ : Ê�� Ì Ï Ê	� ÌÍ Ï�ü ÌÍ Ï�
 ÌÍ Î Í Î .3 Defining
theorder� harmonictransform[7] of a signal � , 
�� É � Ï��6Ù as

����� ����î Þ fft

ñ âö� á���� � � � �
ñ"!$#	%'&'( )*

fft (18)


�� É � Ï��6ÙDî �ö� á�â � æ� � ��� � � � ���QÏ (19)

where� is thefrequency bin number(�Dî ë ã*ã0ã�+ , + î-,.� fft / �10 ),
we defineaproposaldistribution ÿ É$� Ì æ × 
 Ì æ Ù to be

ÿ É$�
Ì æ × 
 æ Ù!Ú ë��� Þ àö Í3á�â 
�243 É ô ÌÍ'Ï65 �
Ì 3 / Ð7�98 Ù�ã (20)

A value 
 æ is sampledfrom a discretedistribution ÿ É 
 æ Ù which
hasa peakroughlyaround
 æ î;: , andusingthis valuewe calcu-
late theharmonictransformof theresidualô ÌÍ for all frames.The
modesof this distribution arethe fundamentalfrequenciescorre-
spondingto noteswith significantenergy in their first few har-
monics,which is typical of musicalnotes. The proposalfor the
harmonicamplitudesis calculatedfor each Ê	� ÌÍ Ï�
 ÌÍ Î Í pair from
theleast-squaresprojection:ü Ì æÍ î É ú æ�< ú æ Ù ñ â ú æ6< ô ÌÍ .� Multiple step. This is an efficient methodof overcom-
ing octave errors and someother problemswhich arise due to
the non-uniquenessof the harmonic representation,in which
the most compact representationis to be favoured. A joint
move for Ê�� Ì Ï Ê	� ÌÍ Ï�ü ÌÍ Ï=
 ÌÍ Î Í Î is proposedby sampling >@?Ê âA Ï âÔ Ï ÔA Ï A Ô ÏCB ÏED+Î andsetting

�ÃÌ 3 î > �ÃÌ	FG�
Ì 3Í¦î �ÃÌ 3 
 Ì 3Í îIHJ
 Ì 3 / >LK (21)

with ü Ì æÍ chosenasin theindependencestep.Thiskerneltraverses
harmonicallyrelatedmodesof theposteriordistribution.� Perturbation step ã Perturbationsareappliedto Ê 
 ÌÍ Î Í andtoÊ�� Ì Ï Ê	� ÌÍ Î Í Î whichconstitutearandomwalk with asmallvariance
aboutthecurrentcurrentparametervalues.� Switch step. A noteis switchedon or off acrossthe entire

blockby a joint proposalÊNM Ì Ï Ê ù ÌÍ Î Í Î , settingM Ì 3 î ë õ M Ì F andù Ì 3Í î M Ì 3 . This canalsobe incorporatedinto the independence
samplingstepdescribedabove.

3Introducingthenotation OQP Í�REÍTS OQP Í�U�VTWYXTZNZ	Z$[ � R .
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Figure3: Log scalefundamentalfrequency tracksfor a shortex-
tractof synthesisedpianomusic.Theparametersplottedare \	]_^`ba ,
taken from thefinal stateof theMarkov chain. The framelength
was1000samples(cedgfih�h�jlk kHz), theblock lengthwas5 frames,
and a mnfpo model was applied. Notescan clearly be distin-
guishedin the‘pianoroll’ format.A thresholdwasappliedsothat
only noteswith an energy within 30dB of the signal energy are
plotted.

4. RESULTS

A ‘piano roll’ plot of thefundamentalfrequencies] ^` from anex-
tract of synthesisedpianomusicareshown in figure 3. Smooth
frequency tracksareobtainedwith very few outliersdueto tran-
sients. Therearesomeerrorsdue to octave andperfectfifth in-
tervals however, suchasframes15–20,which canbe difficult to
resolvewhennotesin thesamechordareplayingat thesametime,
sincethey will sharea largenumberof harmonics.This is a com-
monproblemin harmonicmodels,sincetherepresentationcanbe
ambiguousfor chords,but major chordsandoctave intervals can
oftenbedetectedsuccessfullywith this method,ascanbeseenin
frames45–60. This is possiblesincenoteswith fewer harmon-
ics arefavoured,which reducesthe occurenceof harmonic roots
wherethe detectedfrequency is very low andthenumberof har-
monicsarehigh,andmostharmonicshave nearzeroamplitudes.

In additionto the fundamentalfrequency, we have estimates
of the othermodel parameters,so the methodcanbe applicable
both to music transcriptionandsignalseparation.Both applica-
tionshowever requirea higherlevel of modellingto determinethe
sourceof eachfrequency track. Musical instrumentrecognition
relieson more than the steady-stateharmonicamplitudes— the
harmonicvariationover time,andparticularlytheattackphaseare
very importantcharacteristics[9]. A higherlevel modelwhichac-
countsfor thetime andfrequency domainvariationof notesfrom
different instrumentsand combinesthe currently disparatesteps
of signalmodellingandmusicalcontext integrationis clearly re-
quired,andis to bethesubjectof futurework.

5. CONCLUSIONS

We have shown theeffectivenessof a multiple frameapproachto
polyphonicpitch estimationwhich estimatesharmonicmodelpa-
rametersjointly over a numberof framesof data.

The algorithm is more robust to transientdisturbances(e.g.,
noteattacks)andsofewer spuriousfrequency candidatesarepro-
duced. The detectionandestimationtaskis posedin a Bayesian
framework, andtheparameterfull conditionaldensitieshave been
obtainedfrom graphicalmodelsto yield anefficient MCMC sim-
ulationscheme.
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